The accuracy of the group-velocity description of dispersive pulse propagation in a double-resonance Lorentz model dielectric is shown to decrease monotonically as the propagation distance increases, whereas the accuracy of the asymptotic description increases monotonically as the propagation distance increases above a single absorption depth in the medium at the pulse carrier frequency.
INTRODUCTION
The quasi-monochromatic or slowly varying envelope approximation, originally introduced by Born and Wolf 1 in the context of partial coherence theory, is a hybrid temporal-frequency-domain representation 2 in which the temporal field behavior is separated into the product of a slowly varying envelope function and an exponential phase term whose angular frequency is centered about some characteristic frequency c of the pulse. The envelope function is then assumed to be slowly varying on the time scale ⌬t c ϳ 1/ c , which is equivalent 3 to the assumption that its spectral bandwidth ⌬ is sufficiently narrow that the inequality ⌬/ c Ӷ 1 is satisfied. The subsequent group-velocity description of dispersive pulse propagation, which is based on both the slowly varying envelope approximation and the Taylor series approximation of the complex wave number about c , is widely accepted and employed throughout physics, [4] [5] [6] with central importance in electromagnetics, 7 acoustics, 8 and optics. 2, [9] [10] [11] [12] Because of the inherent mathematical simplicity and proclaimed accuracy of this approximation in describing experimental observations, the description of dispersive pulse propagation in both linear and nonlinear optics has since been almost completely based on it. 2, [9] [10] [11] [12] Quite unfortunately, the implications of the mathematically well-defined asymptotic theory of dispersive pulse propagation, introduced by Sommerfeld 13 and Brillouin 14, 15 in their now classic analysis of signal propagation in a single-resonance Lorentz medium, is largely neglected by the same researchers.
Recent advances in ultrashort-pulse generation techniques, which have led to the creation of both near-and sub-10-fs optical pulses, [16] [17] [18] [19] [20] [21] [22] [23] call into question the accuracy of this approximation. Because the necessary condition that ⌬/ c Ӷ 1 for the applicability of the slowly varying envelope approximation is not satisfied by these ultrashort pulses, greater care must be exercised in modeling their dynamic evolution in dispersive, lossy media. Such is the case, for example, when one approximates the full frequency dispersion of the medium by its Taylor series approximation about the input pulse carrier frequency c with the mistaken understanding that improved accuracy can always be obtained by inclusion of higher-order terms. The vast majority of researchers still neglect the serious consequences of this simplifying assumption regarding the effects of linear dispersion in both linear and nonlinear optics as well as in related areas. These consequences were recently published by us as a Letter. 24 We present here the full details of our analysis and numerical calculations in support of these important and far-reaching results.
TAYLOR SERIES APPROXIMATION OF THE MATERIAL DISPERSION AND THE GROUP-VELOCITY DESCRIPTION
The propagated optical field A(z, t) that results from an input pulse envelope-modulated sinusoidal wave A(0, t) ϭ u(t)sin( c t ϩ ) with constant applied carrier angular frequency c Ͼ 0 at the plane z ϭ 0 is given by the exact Fourier-Laplace integral representation 25 A͑z, t ͒ ϭ (1) for all z у 0, where ϭ 0 for a sine wave carrier and ϭ /2 for a cosine wave carrier. Here ũ () is the temporal angular frequency spectrum of the initial pulse envelope function u(t) and a is a constant that is greater than the abscissa of absolute convergence 25, 26 
for u(t).
The spectral amplitude Ã (z, ) of the optical field A(z, t) satisfies the Helmholtz equation
is the complex wave number of the plane-wave field with real-valued propagation ␤ () and attenuation ␣() factors. Contrary to the erroneous claims published elsewhere, 27 this exact integral representation remains completely valid in the ultrashort, ultrawideband signal regime in dispersive, lossy media. 24, 25, [28] [29] [30] [31] [32] [33] [34] [35] [36] The accuracy of any approximate description derived from this integral representation is then critically dependent on the specific approximation procedure employed.
Because of the quasi-monochromatic approximation, the Taylor series expansion of the complex wave number k () about the carrier frequency c ,
where k ( j) () ϵ ‫ץ‬ j k ‫ץ/)(‬ j , may be truncated after just a few terms with some undefined error. Typically, the cubic and higher-order terms are neglected, 2, [4] [5] [6] [10] [11] [12] which results in the quadratic dispersion approximation
With this substitution in Eq. (1), the integral representation of the propagated field becomes 6, 25 A͑z
where the final approximation is valid for spacetime points (z, t) that satisfy the inequality ͉tЈ Ϫ t ϩ k (1) 
. Within this approximation the pulse envelope is seen to propagate at the classic group velocity v g ( c ), where
and where the quantity k (2) ( c ) provides the so-called group-velocity dispersion. 10, 11 This level of approximation produces symmetric pulse distortion, which is known from the asymptotic theory 25, 32, 33, 35, 36 to be incorrect in the ultrashort, ultrawideband limit. The cubic dispersion approximation
is also employed 11 because the cubic term introduces a small degree of asymmetry into the propagated field; however, it fails to describe correctly the actual asymmetry that is introduced by the precursor fields for either ultrawideband rectangular envelope 25, 32 or ultrashort Gaussian envelope 33, 35, 36 pulses and so is misleading.
INADEQUACY OF THE TAYLOR SERIES APPROXIMATION OF THE MATERIAL DISPERSION OF A CAUSAL DIELECTRIC
It is widely believed that the accuracy of the Taylor series approximation of the material dispersion increases with the inclusion of each higher-order term from the Taylor series expansion of that material dispersion. For example, in their abstract Anderson et al. 37 state that ''the evolution of slowly varying wave pulses in strongly dispersive and absorptive media is studied by a recursive method. It is shown that the resulting envelope function may be obtained by including correction terms of arbitrary dispersive and absorptive orders.'' In Sec. 7.1.6 of their book, Butcher and Cotter 2 state that ''to describe pulse propagation in dispersive media in general we must retain the second-order dispersion, and for ultrashort pulses or those with a wide frequency spectrum it may sometimes be necessary to also include higher-order terms.'' This sentiment is continued in Sec. 1.3 of the book by Akhmanov et al., 12 who state that ''one can analyze how the dispersion of a medium affects a propagating pulse for any higher-order approximation of the dispersion theory. Naturally, the higher-order approximations make the quantitative picture of dispersive spreading more precise although its basic features obtained for the second-and third-order approximations remain unchanged. '' The error that resulted from this assumption 24 is now detailed for the case of a doubleresonance Lorentz model dielectric 25, 31 with complex index of refraction
where j is the undamped resonance angular frequency, b j is the plasma frequency, and ␦ j is the phenomenological damping constant for the jth resonance line ( j ϭ 0, 2). This causal model 38 provides an accurate description 39 of both the normal and the anomalous dispersion phenomena observed in homogeneous, isotropic, locally linear optical materials when the carrier frequency of the input wave field is situated either in the normal dispersion region inside the passband ( 1 , 2 ) between the two absorption bands ͓ 0 , 1 Fig.  1 .
The Taylor series expansion of n() ϭ n r () ϩ in i () is taken about the angular frequency c ϭ min ϭ 1.615 ϫ 10 15 r/s, which occurs at the inflection point min in n r () where the dispersion is a minimum. The dashed-dotted curves in the figure depict the frequency behavior of the three-term Taylor series approximation of n(), the dashed curves depict the four-term Taylor series approximation, and the dotted curves depict the tenterm Taylor series approximation. This large increase in terms results in only a slight improvement in the local accuracy of the Taylor series approximation of n() about c , whereas the accuracy outside the passband ( 1 , 2 ) is decreased greatly. This is a result of a decrease in the finite radius of convergence of the Taylor series expansion [Eq. (4) ] that is determined, partly, by the branch point singularities of Eq. (9) , which are at
, in the lower half of the complex plane. 14, 15, 25 The decrease in accuracy of the Taylor series approximation of the real part of the complex refractive index for the double-resonance Lorentz model of the fluoride-type glass, considered here as the frequency domain about the carrier frequency is increased is presented in Fig. 2 . For each set of data presented, the rms error was determined over the frequency domain ͓ c Ϫ ⌬, c ϩ ⌬͔. For the data represented by curve (a) in Fig. 2 , 2(⌬) was just less than 25% of the available bandwidth 2 Ϫ 1 of the material passband; in this case the rms error of the Taylor series approximation decreases monotonically as the number of terms increases. However, when 2(⌬) is increased to just greater than 33% of the available bandwidth 2 Ϫ 1 , as represented by curve (b) in the figure, the rms error reaches a minimum value at j ϭ 6 and then increases as additional terms are included in the approximation; when 2(⌬) is increased to nearly 36% of the available bandwidth, as represented by curve (c) in the figure, the minimum in the rms error occurs at j ϭ 2. Finally, when 2(⌬) is increased to just less than 45% of the available bandwidth 2 Ϫ 1 , as represented by curve (d) in the figure, the rms error of the Taylor series approximation remains essentially constant as j increases from 1 to 2 and then increases monotonically as the number of terms increases. As a consequence, the assumptions of the group-velocity approximation are valid, provided that the pulse spectrum is strictly band limited such that the inequality (⌬) p Շ ( 2 Ϫ 1 )/3 is satisfied, where (⌬) p is the bandwidth of the pulse.
The frequency dispersion of the complex wave number k () ϭ n()/c for the full double-resonance Lorentz model for this glass is depicted by the solid curves in Fig.  3 ; detailed views of the behavior about the infrared resonance line at c are provided in Fig. 4 . Just as for the complex refractive index, a large increase in terms results in only a slight improvement in the local accuracy of the Taylor series approximation of k () about c , whereas the accuracy outside the passband ( 1 , 2 ) that contains c is greatly decreased. The complete accuracy of this approximation decreases as c is moved into either ab- The three-, four-, and ten-term Taylor series approximations about the minimum dispersion point c ϭ min between the two resonance lines are depicted. With the exception of a small neighborhood about some characteristic frequency of the initial pulse, the inclusion of higher-order terms in the Taylor series approximation of the complex wave number in a causally dispersive, attenuative medium beyond the quadratic approximation is practically meaningless from both the physical and the mathematical points of view.
As a consequence, optimal results in the global sense are achieved either with the quadratic approximation given in relation (5) or with the cubic approximation given in relation (8) . The asymptotic description of dispersive pulse dynamics, 25, [28] [29] [30] [31] [32] [33] [34] [35] [36] however, does not suffer from this severe limitation.
COMPARISON OF THE ASYMPTOTIC AND GROUP-VELOCITY DESCRIPTIONS FOR ULTRAWIDEBAND SIGNAL, ULTRASHORT PULSE PROPAGATION
One of the major shortcomings of the group-velocity description is that it is incapable of correctly describing the precursor fields that are characteristic of the dispersive medium. This deficiency is critical because the precursor fields are responsible for pulse distortion. 25, 32, 33 The exact integral representation of the propagated field that results from an input pulse A(0, t) ϭ f(t) with Fourier spectrum f() is given by 25 A͑z, t ͒ ϭ (10) where
is the complex phase function. Here ϭ ct/z is a nondimensional space-time parameter that arises naturally in the asymptotic theory 14, 15, 25, [28] [29] [30] [31] [32] [33] [34] [35] [36] that, at any fixed propagation distance z, describes a convenient nondimensional time variable.
The form of the contour integral that appears in Eq. (10) is most suitable for asymptotic analysis as the parameter z becomes large on some suitable physical scale. The asymptotic description is obtained from a mathematically well-founded expansion about several variable saddle points of the complex phase function (, ) that provide the exponentially dominant contributions to the integral representation [Eq. (10)] of the propagated field. A complete understanding of these saddle point dynamics provides a detailed, accurate description of the entire dynamic evolution of the propagated field in the dispersive, absorptive medium for all z/z d у 1; the accuracy of this asymptotic description increases as the propagation distance z increases above z d ϭ ␣ Ϫ1 ( c ) in the sense of Poincaré. 40 Reported criticisms 41 of the accuracy of the asymptotic theory neglect to point out that the origin of any inaccuracy is almost entirely a result of the analytic approximations for the saddle point dynamics. 25, 28, 30 Indeed, when numerically determined saddle point locations are employed in the asymptotic approximations of the propagated field behavior, remarkable accuracy is obtained, even for an input Gaussian-envelope pulse with arbitrary initial pulse width.
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A. Impulse Response of the Double-Resonance Lorentz Model Dielectric
The impulse response of the double-resonance Lorentz model dielectric whose frequency dispersion is depicted in Figs. 1, 3 , and 4 and is repeated here in Fig. 6 is illustrated in Fig. 7 at the propagation distance z ϭ 3.24z d , where z d ϭ ␣ Ϫ1 ( min ) denotes the e Ϫ1 absorption depth at the minimum dispersion frequency between the two resonance frequencies. For purposes of comparison, this propagation distance is also equal to 1 ϫ 10 2 absorption depths at the upper resonance frequency 2 , which is the stronger (and, hence, more absorptive) of the two resonance lines in the double-resonance Lorentz model dielectric considered here. The asymptotic approximation of integral representation (10) with f() ϭ 1 is given by 25, [28] [29] [30] [31] 
as z → ϱ, where
for j ϭ S, m, B. Here SP j denotes a particular saddle point of the complex phase function (,). The impulse response is composed entirely of the precursor fields that are characteristic of the dispersive medium. The propagated field evolution, which identically vanishes for all Ͻ 1, begins at ϭ ct/z ϭ 1 with the Sommerfeld precursor evolution A S (z, t), with a S ϭ 2, which is described 25, 28, 29, 31 by the distant first-order saddle point at SP S ϭ d ϩ () that evolves with in the highfrequency region of the complex plane with ͉ SP S ͉ у 3 and so cannot be described by the Taylor series approximation of k () about c ϭ min . The uniform asymptotic description of the Sommerfeld precursor, which is uniformly valid for all у 1, is described in Refs. 25 and 29. The middle precursor A m (z, t), with a m ϭ 2 typically, which becomes asymptotically dominant at ϭ SM Х 1.015 and remains asymptotically dominant until the space-time point ϭ MB Х 1.295, is described 31 by the middle first-order saddle point at SP m ϭ m ϩ () that evolves with in the low-to intermediate-frequency region of the complex plane with ͉ SP m ͉ Շ 2 and so cannot be accurately described by the Taylor series approximation of k () about c ϭ min . Finally, the Brillouin precursor A B (z, t), with a B ϭ 1 for 1 Ͻ Ͻ 1 and a B ϭ 2 for Ͼ 1 , is asymptotically dominant for all Ͼ MB and, for sufficiently large propagation distances z Ͼ z d , attains a maximum at the space-time point ϭ 0 ϭ n(0) Х 1.424, where the field decays only as z Ϫ1/2 . The Brillouin precursor field is described 25, [28] [29] [30] [31] by the near-first-order saddle point at SP B ϭ n ϩ () for 1 that evolves with in the lowfrequency region of the complex plane with ͉ SP B ͉ р 0 .
Here
2 )͔͖ denotes the singular space-time point at which the near saddle point becomes a second-order saddle point. 25, 28, 30 The uniform and transitional asymptotic descriptions of the Brillouin precursor, which are uniformly valid across the critical space-time point at ϭ 1 when the near-saddle-point order abruptly changes from first to second order and then back again, are described in Refs. 25, 29, and 30. Because of the similar low-frequency behavior exhibited by the quadratic dispersion relation (see Figs. 1 and 3) , the group-velocity approximation describes a Brillouin-type precursor structure, but its peak amplitude erroneously occurs at the earlier space-time point ϭ 0 Ј Х 1.258 and has a different amplitude and frequency structure. Notice that the numerical values of the parameters quoted here are specific to the fluoride-type glass material parameters that have been used in this study.
Inasmuch as the propagated field structure of any input pulse can be obtained through convolution with the impulse response of the dispersive medium, which is accurately described by the asymptotic theory, it can be clearly seen that the group-velocity approximation provides an incorrect, inaccurate description of the effects of linear dispersion in ultrashort, ultrawideband pulse propagation.
B. Heaviside Unit Step-Function Modulated Signal
The inaccuracy of the group-velocity description is clearly evident in Fig. 8 , in which the dynamic field evolution that results from an input unit step-function-modulated signal, A(0, t) ϭ f(t) ϭ u(t)sin( c t) with u(t) taken as the Heaviside unit step function, is depicted at a fixed propagation distance z ϭ 3␣ Ϫ1 ( c ) of three absorption depths into the dispersive medium at the input carrier frequency c ϭ min ϭ 1.615 ϫ 10 15 r/s of the signal. The solid curves in both Figs. 8(a) and 8(b) depict the numerically determined propagated field behavior when the full dispersion relation whose complex index of refraction is given in Eq. (9) is used. The dotted curve in Fig. 8(a) depicts the numerically determined propagated field behavior when the quadratic dispersion approximation given in relation (5) is used, whereas the dotted curve in Fig. 8(b) depicts the propagated field behavior for the cubic dispersion approximation given in relation (8) . The asymptotic approximation of integral representation (1) with ũ () ϭ i/ and ϭ 0 is given by 25, 28, 29, 31 
for j ϭ S, m, B. The interpretation of the Sommerfeld, middle, and Brillouin precursor field contributions is the same as for the delta function pulse. Because of the comparatively small spectral amplitude above the upper absorption band when c ( 1 , 2 ), the amplitude of the Sommerfeld precursor is negligibly small in comparison with the other contributions and so is not evident in Fig.  8 . The additional field contribution A c (z, t) that appears in the asymptotic approximation given in relation (14) is a result of the pole contribution in the pulse envelope spectrum ũ ( Ϫ c ) ϭ i/( Ϫ c ) at the input carrier frequency c and describes the signal contribution 25, 28, 29 whose spectral content arises, for the most part, from a neighborhood about the carrier frequency c .
The nonuniform asymptotic description 25, 28 of the pole contribution A c (z, t) approximately corresponds to the entire propagated field obtained from the quasimonochromatic approximation with the linear dispersion approximation k () Ϸ k ( c ) ϩ k (1) ( c )( Ϫ c ), which results in the approximate field contribution 6, 25 Fig. 8. Dynamic field evolution of the propagated plane-wave field that results from an input Heaviside unit step-functionmodulated signal with carrier frequency c ϭ 1.615 ϫ 10 15 r/s at the fixed propagation distance z ϭ 3␣ Ϫ1 ( c ) in the doubleresonance Lorentz model dielectric whose frequency dispersion is depicted in Figs. 1 and 3 . Solid curves, the exact propagated field behavior for the full dispersion relation; dotted curves, the numerically determined field behavior with (a) the quadratic dispersion approximation and (b) the cubic dispersion approximation. (16) where v denotes the group velocity v g ( c ) in the approximate group-velocity description whereas in the asymptotic description v denotes the signal velocity v c ( c ), which is approximately equal to the group velocity in regions of normal dispersion but is significantly different in regions of anomalous dispersion. 25, 28, 31 The pulse distortion in the group-velocity description is then seen to be a result of the quadratic and higher-order terms that appear in approximations (5) and (8), whereas in the asymptotic description it is primarily a result of the precursor fields, as can be seen from expressions (14)- (16) . The uniform asymptotic description of the pole contribution is described in Refs. 25 and 29. The distortion of the leading edge of the propagated signal that results from the middle precursor is seen from Fig. 8 to be misrepresented by both the quadratic and the cubic dispersion approximations. In addition, neither approximation describes the subsequent influence of the correct Brillouin precursor that produces the low-frequency offset to the exact propagated signal evolution. A comparison of the dotted curves in Figs. 8(a) and 8(b) shows that the inclusion of the cubic dispersion term in relation (8) does not improve the accuracy of the group-velocity description for such an ultrawideband signal; it actually degrades the overall accuracy at the leading edge of the propagated signal.
C. Rectangular Envelope Pulse
Similar results are obtained for an input rectangular envelope pulse with initial pulse width T ϭ 38.9 fs at the same carrier frequency whose dynamic field evolution at three absorption depths, z ϭ 3␣ Ϫ1 ( c ), is illustrated in Fig. 9 . As in Fig. 8 , the solid curve in both Figs. 9(a) and 9(b) depicts the propagated field behavior when the full dispersion relation whose complex index of refraction is given in Eq. (9) is used, the dotted curve in Fig. 9(a) depicts the numerically determined propagated field behavior for the quadratic dispersion approximation given in relation (5) , and the dotted curve in Fig. 9(b) depicts the propagated field behavior for the cubic dispersion approximation given in relation (8) . The asymptotic description of the propagated field may be represented by the difference between the propagated fields that results from two unit step-function-modulated signals that are separated in time by the initial pulse width T, each of which has an asymptotic representation of the form given in relation (14) . The observed pulse distortion is then a result of both the leading and the trailing edge precursors as well as of the interference between them, 25, 32 as can be seen from the solid curves in Fig. 9 . This distortion is seen to be misrepresented by both the quadratic and the cubic approximations. A comparison of the dotted curves in Figs. 9(a) and 9(b) shows that the inclusion of the cubic dispersion term in relation (8) does not improve and actually degrades the overall accuracy of the group-velocity description for such an ultrawideband, ultrashort pulse.
D. Van Bladel Envelope Pulse
Consider finally an input pulse envelope-modulated time-harmonic wave at the plane z ϭ 0 that is given by A(0, t) ϭ u(t)sin( c t ϩ ) with constant carrier frequency c Ͼ 0 and an infinitely smooth, unit amplitude envelope function 24, 42 that is given by
and is zero for both t р 0 and t у , which has compact temporal support with an input full pulse width Ͼ 0. This canonical pulse envelope form is of some importance to this area of research because its properties of infinite smoothness and temporal compactness are common to all experimental pulses. The dynamic field evolution that results from this input pulse type is considered as it propagates through the double-resonance Lorentz model dielectric whose frequency dispersion is illustrated in Fig.  6 , whose model parameters characterize an infrared and a near-ultraviolet resonance line with associated relaxation times r0 ϳ 2/␦ 0 ϭ 127 fs and r2 ϳ 2/␦ 2 ϭ 4.4 fs, respectively. The dynamic field evolution of each input pulse envelope-modulated sine wave ( ϭ 0) with carrier frequency c ϭ min ϭ 1.615 ϫ 10 15 r/s as it propagates through the double-resonance Lorentz model dielectric is illustrated in the sequence of four figures that constitute each of Figs. 10-14. Each figure in a sequence depicts the temporal field evolution as a function of the space- Fig. 9 . Dynamic field evolution of the propagated plane-wave field that results from an input rectangular envelope modulated pulse with initial pulse width T ϭ 38.9 fs and carrier frequency c ϭ 1.615 ϫ 10 15 r/s at the fixed propagation distance z ϭ 3␣ Ϫ1 ( c ) in the double-resonance Lorentz model dielectric whose frequency dispersion is depicted in Figs. 1 and 3 . Solid curves, the exact propagated field behavior with the full dispersion relation; dotted curves, the numerically determined field behavior with (a) the quadratic dispersion approximation and (b) the cubic dispersion approximation.
time parameter ϭ ct/z at a fixed propagation distance z relative to the e Ϫ1 absorption depth z d ϭ ␣ Ϫ1 ( c ) in the dispersive medium at the input carrier frequency c ϭ min , where z d ϭ ␣ Ϫ1 ( min ) Х 1.44 ϫ 10 Ϫ5 m. The solid curve in each figure depicts the numerically determined propagated field at that propagation distance when the full Lorentz model [Eq. (9)] of the frequency dispersion is used, and the dotted curves depict the propagated field with the cubic dispersion relation [relation (8) ] obtained from the four-term Taylor series approximation of k () about c . The cubic dispersion approximation given in relation (8) was selected over the quadratic dispersion approximation given in relation (5) because it includes the so-called group-velocity dispersion as well as pulse asymmetry effects. Finally, because all the propagation distances are scaled by the absorption depth z d ϭ ␣ Ϫ1 ( c ) in the dispersive medium at the input pulse carrier frequency, the results presented here will be equally applicable to both weakly absorptive and highly absorptive dispersive media.
Because the initial pulse envelope function [Eq. (17)] for the Van Bladel envelope pulse possesses compact temporal support, its Fourier transform ũ () is an entire function 43 of complex . With the exact integral representation
of the propagated field for z у 0, the asymptotic description of the propagated field may be expressed in the form 25, [28] [29] [30] [31] for all у 1; the propagated field identically vanishes for all Ͻ 1. The component field A S (z, t) is due to the asymptotic expansion about the distant saddle points d Ϯ () of (, ) and describes the Sommerfeld precursor whose nonuniform asymptotic description is given by 25, 28 
which is valid for all Ͼ 1 bounded away from unity as z → ϱ. The component field A B (z, t) is due to the asymptotic expansion about the near saddle points n Ϯ () of (, ) and describes the Brillouin precursor, whose nonuniform asymptotic description is given by 25, 28 
at ϭ 1 ϭ ct 1 /z, and
for Ͼ 1 . The uniform 25, 29 and the transitional 30 asymptotic descriptions provide a continuous description of the Brillouin precursor's evolution across the critical space-time point at ϭ 1 . The component field A m (z, t) is due to the asymptotic expansion about the middle saddle points m j () of (, ) and describes the middle precursor that evolves between the Sommerfeld and Brillouin precursors and whose asymptotic description is given by
for Ͼ 1. With the substitution (, ) ϭ i(c/z) ϫ ͓k ()zϪt͔, this expression becomes 
Because of the symmetry relations m
, this asymptotic approximation of the middle precursor field becomes
which should be contrasted with the expression given in relation (6) . Because the middle saddle points evolve over a frequency domain that contains the input carrier frequency c ͓ 1 , 2 ͔, this field component corresponds most closely to the group-velocity description that results from either the quadratic [relation (5)] or the cubic [relation (8)] approximation of the complex wave number, with one important, critical distinction. The groupvelocity description is due to a heuristic expansion about the fixed carrier frequency c of the initial field, whereas the asymptotic description is due to a mathematically well-founded expansion about several variable saddle point locations that provide the exponentially dominant contributions to the integral representation [Eq. (18) ] of the propagated field. A complete understanding of these saddle point dynamics provides one with a complete description of the dynamic evolution of the propagated field in the dispersive, absorptive medium for all z/z d у 1; the accuracy of this asymptotic description increases as the propagation distance z increases above z d ϭ ␣ Ϫ1 ( c ) in the sense of Poincaré. 40 For a single-cycle pulse the input full pulse width is ϭ 2/ c ϭ 3.89 fs, with equal rise and fall times R,F ϭ /2 Х 1.95 fs, so R,F Ͻ r2 Ӷ r0 . In this ultrashort, ultrawideband case, ⌬/ c Ϸ 5.0 with ( 2 Ϫ 1 )/ c Ϸ 5.6, so ⌬/( 2 Ϫ 1 ) Ϸ 0.893, and 99.83% of the input pulse spectral energy is contained in the medium passband, as shown in Fig. 6 . Although R,F Ͻ r2 in this case, the Sommerfeld precursor is insignificant in comparison with both the middle and the Brillouin precursor fields, so its evolution has been omitted from the plots of the propagated field evolution. The dynamic field evolution for propagation distances less than a single absorption depth into the medium (z Ͻ z d ), depicted in Fig. 10 , shows that the group-velocity description is accurate over this small propagation distance range. However, when the propagation distance exceeds a single absorption depth, as illustrated in Fig. 11 , the observed error in the group-velocity description increases monotonically with increasing propagation distance. The dynamic field evolution depicted in Fig. 11(a) shows that the group-velocity description has already begun to break down at one absorption depth into the dispersive medium; at five absorption depths the group-velocity description has completely broken down, as shown in Fig. 11(b) . This breakdown of the group-velocity description is a result of the inability of that description to model properly the precursor field structures that are a characteristic of the dispersive medium, 44 as shown in Figs . In addition, the space-time point SM Х 1.02 marks the transition from the Sommerfeld to the middle precursor that is characteristic of this double-resonance Lorentz model dielectric, and the space-time point MB Х 1.29 marks the transition from this middle precursor to the Brillouin precursor.
For an input five-cycle pulse, ϭ 10/ c ϭ 19.45 fs and R,F ϭ /2 Х 9.73 fs, so r2 Ͻ R,F Ӷ r0 . In this intermediate case, ⌬/ c Ϸ 0.62 with ⌬/( 2 Ϫ 1 ) Ϸ 0.111, and 99.98% of the input pulse spectral energy is contained in the medium passband, as shown in Fig. 6 . The dynamic field evolution depicted in Fig. 12 shows that the group-velocity description breaks down near five absorption depths into the medium, and, as the propagation distance continues to increase, the propagated field becomes dominated by the middle and Brillouin precursors.
For an input ten-cycle pulse, ϭ 20/ c ϭ 38.9 fs and R,F ϭ /2 Х 19.45 fs, so r2 Ͻ R,F Ͻ r0 . In this nearly quasi-monochromatic case, ⌬/ c Ϸ 0.25 with ⌬/( 2 Ϫ 1 ) Ϸ 0.045, and 99.999% of the input pulse spectral energy is contained in the medium passband, as shown in Fig. 6 . The dynamic field evolution depicted in Fig. 13 shows that the group-velocity description has begun to break down at five absorption depths into the medium. As the propagation distance is increased, the field becomes dominated by the middle and Brillouin precursors as the group-velocity description fails.
For an input 20-cycle pulse, ϭ 40/ c ϭ 77.8 fs and R,F ϭ /2 Х 38.9 fs, so r2 Ӷ R,F Ͻ r0 . In this quasimonochromatic case, ⌬/ c Ϸ 0.17 with ⌬/( 2 Ϫ 1 ) Ϸ 0.030, and the percentage of the input pulse's spectral energy that is contained in the medium passband differs from 100% in the 15th decimal place. The dynamic field evolution depicted in Fig. 14 shows that the groupvelocity description has begun to break down at five absorption depths into the medium and has completely broken down by ten absorption depths. As the propagation distance is increased, the field again becomes dominated by the middle and Brillouin precursors as the groupvelocity description fails.
Finally, a comparison of the numerically determined propagated pulse evolution that results from the input unit amplitude single-cycle pulse for the exact dispersion model with the nonuniform asymptotic description given in expressions (19)- (22) of that same pulse evolution with numerically determined middle saddle point locations is presented in Fig. 15 . These results clearly show that the accuracy of the asymptotic description increases with the propagation distance in the dispersive, lossy medium. Notice that the observed difference between the exact and the asymptotic results about the space-time point ϭ 1 Ϸ 0 is a result of the nonuniform behavior of the asymptotic approximation [relations (21) ] of the Brillouin precursor about this space-time point. This inaccuracy may be corrected, if desired, by use of the uniform asymptotic description of the Brillouin precursor field. 25, 29, 30 
CONCLUSIONS AND DISCUSSION
A. Conclusions
The results presented here have shown that the groupvelocity description is valid only for small propagation distances in the dispersive, absorptive medium. The canonical problem of the Van Bladel envelope pulse was chosen because it presented conditions that favored the success of the group-velocity description. Specifically, the input pulse envelope was infinitely smooth, and the input carrier frequency was chosen at the minimum dispersion point within the medium passband between the two resonance frequencies. The other ultrashort, ultrawideband pulse types considered here are not so forgiving, and the group-velocity descriptions' failure for them is more pronounced as the propagation distance exceeds at least one absorption depth into the dispersive, attenuative medium. Similar results are also obtained for Gaussian envelope pulses in the ultrashort limit. 33, 35, 36 The asymptotic description, however, is valid for all propagation distances greater than typically one absorption depth into the medium at the input carrier frequency. Whereas the group-velocity description decreases monotonically in accuracy as the propagation distance increases above an absorption depth, the asymptotic description and its derivative energy velocity description 45, 46 increase in accuracy as the propagation distance increases. This increased accuracy is due partly to the accurate description of the material dispersion over the entire frequency domain that is required by the asymptotic description, a requirement that is echoed in other research areas connected with dispersive materials. 39 Although the asymptotic description is somewhat more complicated than the group-velocity description, that is a small price to pay for a correct description of this important problem. Indeed, once the saddle point dynamics that are a characteristic of the dispersive medium 44 have been detailed, an accurate qualitative description of the propagated field structure is immediately obtained without further analysis. Precise quantitative results may then be obtained by use either of the uniform asymptotic description of the propagated field or of purely numerical results; each feature in these quantitative results can be explained by use of the detailed saddle point dynamics.
The body of results presented here clearly shows the following:
The slowly varying envelope or quasimonochromatic approximation of linear dispersive pulse propagation in a doubleresonance Lorentz model dielectric with 1 Ͻ c Ͻ 2 is valid, provided that each of the inequalities (listed in decreasing order of their relative importance) R,F Ͼ Max͕ r0 , r2 ͖, ⌬/( 2 Ϫ 1 ) Ӷ 1, and ⌬/ c Ӷ 1 is strictly satisfied, where ⌬ is the spectral width of the input pulse and where R,F ϭ Min͕ R , F ͖.
Furthermore, for either an ultrashort or an ultrawideband pulse with either an initial rise or fall time less than the maximum of the two medium relaxation times r0 ϳ 2/␦ 0 and r2 ϳ 2/␦ 2 , the accuracy of the groupvelocity description decreases monotonically as the propagation distance exceeds one absorption depth z d ϭ ␣ Ϫ1 ( c ) at the input carrier frequency c of the pulse, whereas the accuracy of the asymptotic description increases monotonically. For a low-loss dispersive material, this single absorption depth may be several kilometers long.
B. Discussion
In their recently published paper, 47 Brabec and Krausz state that ''the concept of envelope equations is found to be applicable to the single-cycle regime of nonlinear optics,'' in apparent contradiction with the results presented here. The difficulty with either the earlier slowly varying envelope approach or the recent slowly evolving wave Fig. 15 . Comparison of the numerically determined propagated field evolution that results from an input unit amplitude singlecycle pulse ( ϭ 3.89 fs) with the exact dispersion model (solid curves) and the nonuniform asymptotic approximation of that pulse evolution with numerically determined saddle point locations (dotted curves) at several absorption depths into the double-resonance Lorentz medium.
approach that is central to the paper of Brabec and Krausz 47 is twofold. First, the fundamental hyperbolic character of the underlying wave equation is approximated as parabolic. The characteristics then propagate instantaneously, 48 in violation of the relativistic principle of causality. 38 Second, although the slowly evolving wave approach may be valid in some limit where the nonlinearity completely dominates the overall effects of linear dispersion on the propagation of an ultrashort, ultrawideband pulse, it is not valid in the weak-field limit where the effects of linear dispersion are dominant. In particular, the arrival and the initial evolution of the Sommerfeld precursor cannot be properly described under either the slowly varying envelope or the slowly evolving wave approach. Whether the approach of Brabec and Krausz is capable of correctly describing both the Brillouin and the middle precursor field structures that are associated with ultrawideband-signal, ultrashort-pulse propagation in causally dispersive media remains open. Recently published research 49 on optical solitons echoes this caution with regard to the applicability of the generalized Schrödinger equation in the ultrashort-pulse regime.
Finally, notice that the group-velocity and asymptotic descriptions of dispersive pulse propagation phenomena bear an analogous relation to the exact behavior, as do the small and large argument approximations of a given special function. The group-velocity description provides an accurate representation of dispersive pulse propagation phenomena for small propagation distances that are typically less than an absorption depth z d ϭ ␣ Ϫ1 ( c ) in the dispersive medium (evaluated at some characteristic frequency c of the pulse); its accuracy decreases as the propagation distance increases above z d . However, unlike that of the Taylor series approximation of a special function in its domain of convergence, the accuracy of the group-velocity description actually decreases as additional terms above the cubic approximation of the complex wave number k () are included for a causal, physically realistic model of the material dispersion unless, of course, the pulse spectrum is so narrowly confined within a small neighborhood about c that only the local behavior at c influences the pulse dynamics. The asymptotic description, however, is by its nature inapplicable for small propagation distances less than z d , whereas its accuracy increases in the sense of Poincaré 38 as the propagation distance increases above z d .
